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Abstract 

We develop the calculus of variations on time scales for a functional that is 
the composition of a certain scalar function with the delta and nabla integrals of 
a vector valued field. Euler-Lagrange equations, transversality conditions, and 
necessary optimality conditions for isoperimetric problems, on an arbitrary time 
scale, are proved. Interesting corollaries and examples are presented. 
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1 Introduction 

We study a general problem of the calculus of variations on an arbitrary time scale T. 
More precisely, we consider the problem of extremizing (i.e., minimizing or maximiz- 
ing) a delta-nabla integral functional 

b b 



C{x) = H\ I Mt,x^t),x'^{t))At,...,J /fc(t,x'^(t),x^(t))At, 

a 

b 

h+l{t,x'^{t),X^{t))Vt,..., f h+n{t,x''{t),X^{t))Vt 



possibly subject to boundary conditions and/or isoperimetric constraints. For the in- 
terest in studying such type of variational problems in economics, we refer the reader 
to [fTOl and references therein. For a review on general approaches to the calculus of 
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variations on time scales, which allow to obtain both delta and nabla variational calcu- 
lus as particular cases, see f5l|9l|T2l. Throughout the text we assume the reader to be 
familiar with the basic definitions and results of time scales [S^^^LiSJ. 

The article is organized as follows. In Section |2] we collect some necessary defini- 
tions and theorems of the nabla and delta calculus on time scales. The main results are 
presented in Section |3l We begin by proving general Euler-Lagrange equations (Theo- 
rem [3]2l)- Next we consider the situations when initial or terminal boundary conditions 
are not specified, obtaining corresponding trans versality conditions (Theorems 13 .41 and 
13.51 ). The results are applied to quotient variational problems in Corollary 13.61 Finally, 
we prove necessary optimality conditions for general isoperimetric problems given by 
the composition of delta-nabla integrals (Theorem 13.91 ). We end with Section HI illus- 
trating the new results of the paper with several examples. 

2 Preliminaries 

In this section we review the main results necessary in the sequel. For basic definitions, 
notations and results of the theory of time scales, we refer the reader to the books [EHH. 

The following two lemmas are the extension of the Dubois-Reymond fundamental 
lemma of the calculus of variations [fT3l to the nabla (Lemma [2TI) and delta (Lemma lZ2l) 
time scale calculus. We remark that all intervals in this paper are time scale intervals. 

Lemma 2.1 ( [E]). Let f e Cid{[a, b],R). If 

b 

j f{t)7f{t)Vt = for all 7] E Cla{[a,b],R) with r/(a) = ri{b) = 0, 

a 

then f(t) = c, for some constant c, for all t G [a, 6] re- 
Lemma 2.2 ( [2]). Let f e Crdi[a, b],R). If 

b 

J f{t)ri^{t)At = for all t] E C^^^([a, 6], M) with ri{a) = ri{b) = 0, 

a 

then fit) = c, for some constant c, for all t E [a, b^. 

Under some assumptions, it is possible to relate the delta and nabla derivatives (The- 
orem [23]) as well as the delta and nabla integrals (Theorem 12.41) . 

Theorem 2.3 ( [HI). If f -.T ^Ris delta differentiable on T*^ and is continuous on 
T**, then f is nabla differentiable on and 

f{t) = {f''Y{t) foralltET^. (2.1) 
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If f : T ^ W is nabla differentiable on and is continuous on T^, then f is delta 
differentiable on T'^ and 

f\t) = {f''r{t) forallteT\ (2.2) 
Theorem 2.4 ( |[6l). Let a, 6 G T with a < b. If function f : T ^Ris continuous, then 

b b 

f{t)At = [ fP{t)Vt, (2.3) 



a a 
b b 



fmt = / r (t)At. (2.4) 



3 Main results 

By Cl^{[a, 6], M) we denote the class of functions x : [a, 6] — )■ M such that: if n = 0, 
then is continuous on [a, b]'^; if A; = 0, then is continuous on [a, 6]^; if A; 7^ 
and n ^ 0, then is continuous on [a,b]'^ and is continuous on [a,6]J^, where 
[a, b]'l := [a, fe]"" fl [a, b]^. We consider the following problem of calculus of variations: 

(b b 
j f,{t,x''{t),x^{t))At,...,j f,{t,x''{t),x^{t))At, 
a a 
b \ 

j /fc+i(t,x^(t),x^(t))Vt,...,y" fk+nit,xPit),x^it))Vt\ ^extr, (3.1) 

a a / 

(x(a) = Xa), (x(6) = Xb), (3.2) 

where "extr" means "minimize" or "maximize". The parentheses in (|3.2I) . around the 
end-point conditions, means that those conditions may or may not occur (it is possible 
that both x{a) and x{b) are free). A function x G „ is said to be admissible provided it 
satisfies the boundary conditions (13.21) (if any is given). For k = problem (13.11) reduces 
to a nabla problem (no delta integral and delta derivative is present); for n = problem 
(13.11) reduces to a delta problem (no nabla integral and nabla derivative is present). We 
assume that: 

1. the function H : ]R"+'^ — )■ M has continuous partial derivatives with respect to its 
arguments, which we denote by H^, i = 1, . . . ,n + k; 

2. functions (t,y,v) — )• fi{t,y,v) from [a,b] x to M, i = I, . . . ,n + k, have 
partial continuous derivatives with respect to y and v for all t G [a, 6], which we 
denote by fiy and 
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3. fi, fiy, fiv are continuous on [a, 6]'', i = l,...,k, and continuous on [a,^]^, 
i = k + 1, . . . , k + n, for all X e Cl j^. 

The following norm in Cl „ is considered: 



|^||l,oo* ll"^ ||oo~t~||^ ||oo~t~||^ ||oo~t~||^ I 



OO 5 



where ||x||oo := sup \x{t)\. 

Definition 3.1. We say that an admissible function a: is a weak local minimizer (re- 
spectively weak local maximizer) to problem (|3.1I) - (|3-2I) if there exists 5 > such 
that C{x) ^ C{x) (respectively C{x) ^ C{x)) for all admissible functions x E Cl .^ 
satisfying the inequality | \x — £1 |i,oo < 5- 

For simplicity, we introduce the operators [-J^and [-J^by = {t,x" {t),x^{t)) 

and = (t, x^{t), x^{t)). Along the text, c denotes constants that are generic and 

may change at each occurrence. 

3.1 Euler-Lagrange equations 

Depending on the given boundary conditions, we can distinguish four different prob- 
lems. The first is problem (Pab), where the two boundary conditions are specified. To 
solve this problem we need a type of Euler-Lagrange necessary optimality condition. 
This is given by Theorem |3.2| below. Next two problems — denoted by (P^) and (P5) — 
occur when x{a) is given and x{b) is free (problem (Pa)) and when x{a) is free and x{b) 
is specified (problem (Pb))- To solve both of them we need to use an Euler-Lagrange 
equation and one transversality condition. The last problem — denoted by (P) — oc- 
curs when both boundary conditions are not specified. To find a solution for such a 
problem we need to use an Euler-Lagrange equation and two transversality conditions 
(one at each time a and b). Transversality conditions are the subject of Section [X2| 

Theorem 3.2 (Euler-Lagrange equations in integral form). If x is a weak local solution 
to problem (I3.1I) - (|3.2I) . then the Euler-Lagrange equation^ 

k I ^ 

fc+n I r \ 

+ J] ■ UM'it) - J /iy[x]^(r)Vr = c, t e T«, (3.3) 



1=1 



i=k+l 



For brevity, we are omitting the arguments of iJj, i.e., H^ :— (J^i(x), . . . , where 

b b 

Mx) = / Mx]^it)At, ^ ^ 1, . . . , fc, and J^,{x) = / Mxf {t)Vt, i ^ k + 1, . . . ,k + n. 
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and 



k+n / -(f) \ 



(3.4) 



hold. 



Proof. Suppose that £ has a weak local extremum at x. Consider a variation h G 
C^^^ of X for which we define the function : IR — > R by 0(e) = C{x + eh). A 
necessary condition for x to be an extremizer for £ (x) is given by (e) = for e = 0. 
Using the chain rule, we obtain that 



= 0' (0) = 5^ / {fry[x]^{t)h'^{t) + f,,[xf{t)h^{t)) At 

k+n \. 

+ ^H'J if^y[x]^{t)h^{t) + f,,[x]^{t)h^{t))Vt. 



i=k+l 



Integration by parts of the first terms of both integrals gives 



I 

J f,y[xf{t)h^{t)At = J fy[xfir)Arhit) 



f,y[x]^{t)h''{t)Vt= / f,y[x]^{T)VTh{t) 



b / t 



f^y[xfir)Ar h'^mt, 



b / t 



Thus, the necessary condition (p' (0) = can be written as 



i=l 



b / t 



I f,y[xf{r)Arh(t) - j [j fiy[xWT)AT h\t)At 



a a \a 



+ 





j fi.[xWt)h\t)At 
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k+n 



i=k+l 



f,y[xfir)VThit) 



b / t 



a \a 



0. (3.5) 



In particular, condition (13.51) holds for all variations that are zero at both ends: h(a) - 
h{h) = 0. Then, we obtain: 

I Y,H[h\t) j h[£f{r)AT\ At 

a \ a / 

^ k+n / /" \ 



i=k+l 



Introducing ^ and x by 



and 



i=l 



k+n 



(3.6) 



(3.7) 



i=k+l 

we then obtain the following relation: 

6 



(3.8) 



We consider two cases, (i) Firstly, we change the first integral of (13.81) and we obtain 
two nabla-integrals and, subsequently, the equation (13.31 ). (ii) In the second case, we 
change the second integral of (13.81) to obtain two delta-integrals, which lead us to (13.41) . 
(i) Using relation (12.31) of Theorem l2.4l we obtain: 



a a 

Using (12.11) of Theorem |23] we have 

b 

J h^{t) {^^{t)+x{t))Vt = 0. 
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By the Dubois-Reymond Lemma [2?T] 

+ X{t) = const (3.9) 

and we obtain (|3.3I) . 

(ii) From (|3.8I) . and using relation (12.41) of Theorem l2.4l 

6 6 

h^{t)at)At+ j {h^{t)rx''mt = o. 

a a 
b 

Using (1221) of TheoremO we get: j h^{t){^{t) + x''(i))At = 0. From the Dubois- 

a 

Reymond Lemma [Z2l it follows that ^(t) + x'^(t) = const. Hence, we obtain the 
Euler-Lagrange equation (13.41) . □ 

A time scale T is said to be regular if the following two conditions are satisfied 
simultaneously for all t E T: a{p{t)) = t and p{a{t)) = t. For regular time scales, 
the Euler-Lagrange equations (13.31) and (13.41) coincide; on a general time scale, they are 
different. Such a difference is illustrated in Example 13. 3[ 

oo 

Example 3.3. Let us consider the irregular time scale T = Pi i = [2k, 2k + 1]. We 

fc=0 

show that for this time scale there is a difference between the Euler-Lagrange equations 
(13.31 ) and (13.41) . The forward and backward jump operators are given by 



a{t) 



t, te\J[2k,2k + l) 

oo Pit) 

t + 1, te[j{2k + l}, 

k=0 



t, t e[j{2k,2k + l] 

oo 

t-1, te[j{2k} 

k=l 

0, t = 0. 



For t = and t G {2k, 2k + 1), equations (13.31 ) and (13.41) coincide. We can distin- 

k=0 

oo oo 

guish between them for t G {2k + 1} and t G {"^k}. In what follows we use the 



fc=0 k=l 
oo 



notations (IX6l) and (1X71) . Ift G |J{2A; + 1}, then we obtain from (1331) and (Il4l) the 

k=0 

Euler-Lagrange equations ^{t) + x(t) = c and ^(t) + ^(t + 1) = c, respectively. If 

oo 

^ ^ U 'f^^J'' ^^^^ Euler-Lagrange equation (13.31) has the form ^(t — 1) + = c 

fc=i 

while (l34l) takes the form ^(t) + = c. 



8 



M. Dryl and D. F. M. Torres 



3.2 Natural boundary conditions 

In this section we consider the situation when we want to minimize or maximize the 
variational functional (13.11) . but boundary conditions x{a) and/or x{b) are free. 

Theorem 3.4 (Transversality condition at the initial time t = a). Let T be a time scale 
for which p{a{a)) = a. If x is a weak local solution to (13.11) with x{a) not specified, 
then 



k k+n I \ 

Y,H[ ■ + E ^^ US:V{^{a)) - / /,:,[x]^(t)Vt =0 (3. 

i=l t=k+l \ a I 

holds together with the Euler-Lagrange equations (|3.3I) and (13.41) . 
Proof. From (13.51) and (13.91) we have 



10) 



i=l 

Therefore, 



t 


t 

k+n „ 


^ b 


j f,y[xf{r)^rh{t) 






a 




a 0- 



t 


^ t 

k+n „ 


j f,y[xf{T)^rh{t) 




a 


i=k+i 



i=l 

Next, we deduce that 



hit) .ct = Q. 



h{h) 



E^; / h[S:f{r)Ar+ E / /.J^]"^ WVr + c 

E^^ / Ui]\r)Ar+ E US^V{r)Vr + c 



— h{a 



0, (3.11) 



where 

c = i{p{t)) + x{t)- (3.12) 
The Euler-Lagrange equation (|3.3I) of Theorem [3]2] (or equation (I3.12|) ) is given at t = 

aia) as 



E^^; f /»[x]^(p(a(a)))- 1 /,,[x]^(r)Arj 



c. 
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We conclude that 



k k+n I \ 

i=i i=k+i \ i I 

Restricting the variations h to those such that h(h) = 0, it follows from (13.111) that 
h{a) -0 = 0. From the arbitrariness of h, we conclude that c = 0. Hence, we obtain 

(itroi) . □ 

Theorem 3.5 (Transversality condition at the terminal time t = b). Let T be a time scale 
for which a{p{h)) = b. Ifx is a weak local solution to (13.11) with x{h) not specified, then 



i=l 



f^Ax]^ipib)) + / f^y[x]^{t)At 



\ 



k+n 



+ J2 Hl-f,,[x]^{b) = (3.13) 



i=k+l 



holds together with the Euler-Lagrange equations (13.31) and (13.41) . 



Proof. The calculations in the proof of Theorem 13.41 give us (13.111) . When h{a) = 0, 
the Euler-Lagrange equation (|3.4I) of Theorem 13. 21 has the following form at t = p{b): 



k ( P^^"! ^ 



aip{b)) 



k+n I > 



Then, 



i=k+l 



Pib) 



k+n / r \ 

+ J2h'A fr^xfib) - / f^ylxfmr = c. (3.14) 

i=k+i \ i J 



We obtain (I3l31) from (l3lT]) and (l3J4l) . 



□ 



Several new interesting results can be immediately obtained from Theorems l3.2ll3.4l 
and l3.5[ An example of such results is given by Corollary 13. 6[ 
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Corollary 3.6. Ifx is a solution to the problem 



Jf,{t,x-{t),x^{t))At 



Jf2it,xPit),X^it))Wt 

a 

{x{a) = Xa), {x{b) = Xb), 



extr, 



then the Euler-Lagrange equations 



/ pit) \ / t \ 

^ fivixfipit)) - J /i,[x]^(r)Ar h^ixnt) - J /2,[x]^(r)Vr 



= c 



and 



t \ / <T(t) 

y [ hv[it{t) - J hy[xf{T)AT I f2.[xr{a{t)) - [ /2,[£]^(r)Vr | = c 



hold for all t e [a, b]'^, where 



b b 

Ti:^ J fi{t,r{t),x^{t))At and :^ J f2{t,x''{t),x^ {t))Vt. 



Moreover, ifx{a) is free and p{a{a)) = a, then 



a{a) 



/i„[a;]^(a) - ^ | /2.[a;]^(a(a)) - / /2,[x]^(t)Vt | = 



ifx{b) is free and a {p{b)) — b, then 



f,Axf{p{b))+ J f,y[xf{t)At 

pip) 



\ 
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3.3 Isoperimetric problems 

Let us consider the general composition isoperimetric problem on time scales subject to 
given boundary conditions. The problem consists of minimizing or maximizing 

/ b b 

C{x) = hU f,{t,x''{t),x^{t))At,...,l f,{t,x^{t),x^{t))At, 



/fe+i(t,x''(t),x^(t))Vt,...,y /fc+„(t,x''(t),x^(t))Vt (3.15) 

a / 

in the class of functions x G „ satisfying the boundary conditions 

x{a) = Xa, x{b) = Xb, (3.16) 
and the generalized isoperimetric constraint 

(b b 
J g,it,x^{t),x^{t))At,...,J gUt,x''it),x^it))At, 
a a 
b b 

f gm+iit,xP{t),x^{t))Vt,..., [ g^+p{t,xf{t),x^it))Vt I =d, (3.17) 



where Xa, Xb, G R. We assume that: 

1. the functions H : ]R"+'' ^ M and P : M have continuous partial deriva- 
tives with respect to all their arguments, which we denote hy H^, i = 1, ... ,n + k, 
and Pi,i = 1, . . . ,m + p; 

2. functions {t,y,v) fi{t,y,v), i = 1, . . . , n + fc, and {t,y,v) gj{t,y,v), 
j = 1, . . . ,m + p, from [a, b] x to R, have partial continuous derivatives with 
respect to y and v for all t E [a,b], which we denote by fiy, fi^, and gjy, gj^; 

3. for all X E Cl^^^^^p, fi, fiy, fi^ and gj^gjy, gjv are continuous in t G [a,b]'^, 
i = 1, . . . ,k, j = 1, . . . ,m, and continuous in t G [a, 6]^, i = k + 1, . . . , k + n, 
j = m + 1, . . . ,m + p. 

Definition 3.7. We say that an admissible function x is a weak local minimizer (respec- 
tively a weak local maximizer) to the isoperimetric problem (I3.15I) - (I3.17I) . if there exists 
a (5 > such that C{x) ^ C{x) (respectively C{x) ^ C{x)) for all admissible functions 
X E CIj^^.^j^p satisfying the boundary conditions (I3.16|) . the isoperimetric constraint 
(13.171) . and inequality | |x — x| |i,oo < 5- 
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Let us define u and w by 

u{t) ■■=f2Hi 9^4^fit) - 1 9^y[xf{r)Ar I (3.18) 



i=l 

and 

m+p 



w{t) ■■=Y.P'\ ^?»[^]^(^) - y 9^y\^^"'{'^)^^ , (3-19) 



j=m+l 



where we omit, for brevity, the argument of -P;': P[ := P-'(^i(i;), . . . , Qm+p{i^)) with 



^i(^) = y ^i(t,x"(t),x^(t))At, i = l,...,m, and^i(x) = ^ giit, x^it), {t))Vt, 

a a 

i = m + 1, . . . ,m + p. 

Definition 3.8. An admissible function x is said to be an extremal for /C if u{t) + 
w{a(t)) = const and u{p{t)) + w{t) = const for all t G [a, b]'^. An extremizer (i.e., a 
weak local minimizer or a weak local maximizer) to problem (I3.15l) - (|3-17l) that is not 
an extremal for /C is said to be a normal extremizer; otherwise (i.e., if it is an extremal 
for /C), the extremizer is said to be abnormal. 

Theorem 3.9 (Optimality condition to the isoperimetric problem (I3.15l) - (|3.17l) ). Let ^ 
and X be given as in (|3.6I) and (13.71) . and u and w be given as in (13.181) and (13.191 ). If 
X is a normal extremizer to the isoperimetric problem (|3.15|) - (|3.17l) . then there exists a 
real number A such that 

1- i'^it) + Xit) - A + w{t)) = const; 

2- ^(t) + x^it) - A {uP{t) +w{t)) = const; 

3- at) + xit) - A {u{t) + w'^it)) = const; 

4- iit) + x^it) - A {u{t) + w''{t)) = const; 
for all t G [a, 6]^. 

Proof. We prove the first item of Theorem 13. 9[ The other items are proved in a similar 
way. Consider a variation of x such that x = x + eihi + £2^2, where hi G C'^+m^„+p 
and hi(a) = hi(b) = 0, i = 1,2, and parameters ei and £2 are such that | |x — x| |i,oo < S 
for some 5 > 0. Function hi is arbitrary and /i2 will be chosen later. Define 

(b b 
j gi{t,x''{t),x''{t))At,..., j gUt,x''{t),x''{t))At, 
a a 
b b 



w(i,a;''(t),x^(t))Vt,..., / gm+p{t,xP{t),x''{t))Vt - d. 
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A direct calculation gives 



dK. 

de2 



= E^' / {9^y[x]''im{t)+9^v[xf{t)h^{t))At 
(0,0) i=i { 



m+p 



i=m+l 



+ E ^7 {9^y[S^]^it)Kit)+g^v[x]''{t)l{',{t))Wt. 



Integration by parts of the first terms of both integrals gives: 



i=l 



giy[xf{T)ATh2{t) 



b / t 



a \a 



+ / 9.,[x]^it)hf{t)At 



m+p 



+ E ^' 

i=m+l 



giy[xf{T)VTh2{t) 



b / t 



I g,y[xf{r)VT\h^{t)Vt 



a \a 



+ I g^Ax^{t)h^{t)Vt 



Since h2{a) = h2{b) = 0, then 



/ E^'/^^W Uv[£f{t)-J g^y[xf{T)AT\ At 



Therefore, 



die 

de2 



i=m+l 



b b 



(0,0) 



h'^{t)u{t)At+ / h^{t)w{t)Wt 



Using relation (|2.1I) of Theorem 12 .31 we obtain that 



{h^Y {t)uP{t)Vt+ / h^{t)w{t)Vt= / h^{t){uP{t) + w{t))Vt 
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By the Dubois-Reymond Lemma [2?n there exists a function h2 such that 



die 



^0. 



(0,0) 



Since /C(0, 0) = 0, there exists a function 82, defined in the neighborhood of zero, 
such that K,{ei, S2{£i)) = 0, i.e., we may choose a subset of variations x satisfying the 
isoperimetric constraint. Let us consider the real function 



b b 



C{e^,e2) = Cix) = H\ / x^(t))At, . . . , / /fc(t,x'^(t),x^(t))At 



/fc+i(t,x^(t),x^(t))Vt,..., / h+n{t,x'{t),x^{t))Wt 



The point (0, 0) is an extremal of C subject to the constraint /C = and V/C(0, 0) 7^ 0. 
By the Lagrange multiplier rule, there exists A G R such that V (jC(0, 0) — A/C(0, 0)) = 
0. Because hi{a) = h2{b) = 0, we have 



9£ 

dei 



(0,0) i=i J 



^=k+l { 

Integrating by parts, and using hi{a) = hi{h) = 0, gives 

6 6 



dsi 



(0,0) 



Using (12.31) of Theorem and (12.11 ) of Theorem [231 we obtain that 

_ b b b 

{htYm'mt+ [ h^{t)xmt= [ h^{t){m+x{t))vt 



dsi 



(0,0) 



and 



die 

dsi 



(0,0) i=i 



m+p 



i=m+l 
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Integrating by parts, and recalling that hi{a) = hi{b) = 0, 

b 

h^{t)u{t)At+ [ hY{t)w{t)Vt. 



dsi 



(0,0) 



Using relation (12.31 ) of Theorem 12 .41 and relation (12.11 ) of Theorem 12.3 [ we obtain that 

_ b b b 

{h^y it)uf'it)vt+ [ hYit)wit)m= [ hYit){uf'it) + wit))m. 



die 

dei 



Since 



(0,0) 

dZ 

dsi 



■A 



(0,0) 



die 

dsi 



(0,0) 





0, then j hjit) [eit) + x{t) - A {u^^t) + w(t))] Wt 



for any hi E Ck+m,n+p- Therefore, by the Dubois-Reymond Lemma flAl one has 

at) + xit) - A {uP{t) + w{t)) = c, where c G R. □ 

Remark 3.10. One can easily cover both normal and abnormal extremizers with Theo- 
rem |3.9l if in the proof we use the abnormal Lagrange multiplier rule [ 13J. 



4 Illustrative examples 

We begin with a non-autonomous problem. 
Example 4.1. Consider the problem 



Jtx^{t)At 
_o 



x(0) = 0, = 1. 



mm, 



(4.1) 



If X is a local minimizer to problem (|4.1I) . then the Euler-Lagrange equations of Corol- 
lary [X6] must hold, i.e.. 



1 V/ 



p(t) - 2— ^x^(t) = c and —t-2^x^{a{t)) = c 



To To 



i i 

where Ti := J'i(x) = j tx^{t)At and ^2 ■= T2{x) = J (x'^(t))^Vt. Let us consider 



the second equation. Using (12.21) of Theorem [23l it can be written as 
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Solving equation (14.21) and using the boundary conditions ,t(0) = and a;(l) = 1 

2QJ \2Q 



where Q := —. Therefore, the solution depends on the time scale. Let us consider two 
examples: T = R and T = 1 0, - , 1 1. With T = M, from (|43]) we obtain 



, , 12Q + 1 + 1 

Substituting (|4.4|) into J^i and ^2 gives J^i = — — — - — and ^2 = — 7^7^ — » that is, 

2AQ 48Q 

2g(i2g + i) 

^ 48Q2 + 1 ■ ^^-^^ 

{2 3 ~1~ 2'\/3 
— — — , — — — y Because (14.11) is a mini- 

2 2^/3 

mizing problem, we select Q = — — and we get the extremal 



X 



(t) = -(3 + 2^3)^2 + (4 + 2V3)t. (4.6) 



If T = <^ 0, -, 1 L then from (gj) we obtain x{t) = — V A; + ^ t, that is. 



0, ift = 0, 

xit) = < — , if t = -, 

^ ' ^ 16Q 2' 

ift = l. 



Direct calculations show that 



x(i) - x(o) _ sg - 1 A A^ _ ^(1) - ^(i) _ 8Q + 1 



x^fO) = — i — = — '—— — , . , — 



8Q ' \2j i sg 



2 ^ \ / 2 

V / 1\ _ a;(|) -x(0) Sg-l ^ x(l) - x(|) Sg + 1 



(4.7) 



Substituting (14.71 ) into the integrals J^i and gives 

_ sg + 1 64g^ + 1 j-i _ 2g(sg + 1) 
' 32g ' ' 64g2 ' ^ 64g2 + i " 
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Thus, we obtain the equation 6AQ^ — 16Q — 1 = 0. The solutions to this equation are: 

Q G < ^ I. We are interested in the minimum value Q, so we select 

I ^ 8 J 

1 - V2 

Q = to get the extremal 



x(t)=<^l + ^, ift = i, (4.8) 




5 y/3 

Note that the extremals (1431) and (1481) are different: for (1461) one has a; (1/2) = - + 



We now present a problem where, in contrast with Example 14. 11 the extremal does 
not depend on the time scale T. 

Example 4.2. Consider the autonomous problem 

_o 

/ [xV(t) + {x^{t)f] Vt 



C{x) = — min, 



(4.9) 





x(0) = 0, x(2)=4. 



If X is a local minimizer to (14.91 ). then the Euler-Lagrange equations must hold, i.e, 

^x^{t)-^{2x^{t) + l)=c and ^x^{t) - ^{2x''{t) + 1) = c, (4.10) 



2 2 



where J^i := J'i(s) = j {x^{t)Y At and J^2 ■= J^iix) = j {t) + (x^(t)) 



Choosing one of the equations of (14.101) . for example the first one, we get 



^''W= (c+^Itt^^^. (4-11) 



Using (14.111) with boundary conditions x(0) = and x{2) = 4, we obtain, for any given 
time scale T, the extremal x{t) = 2t. 

In the previous two examples, the variational functional is given by the ratio of a 
delta and a nabla integral. We now discuss a variational problem where the composition 
is expressed by the product of three time-scale integrals. 
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Example 4.3. Consider the problem 



Cix)= ijtx^{t)At\ ljx'^it)il + t)At\ ij (x^(t))'vt 



mm, 



,0 / \o 

x(0) = 0, x(l) = l. 

(4.12) 

If a; is a local minimizer to problem (I4.12L then the Euler-Lagrange equations must 
hold, and we can write that 

(J-i J-3 + -^2-7^3) t + + 2TiT2X^{a{t)) = c, (4.13) 

1 1 
where c is a constant, J^i := J^i(x) = J tx^{t)At, J'2 := J^2{x) = j x^{t) (1 + t) At, 



1 

and := J^3{x) = J (x^(t))^ Vt. Using relation (12.21) . we can write (14.131) as 







(J-i J-3 + ^2J^3) t + 7x7^ + 27x72X^{t) = c. (4.14) 
Using the boundary conditions x(0) = and x(l) = 1, we get from ( 14.141) that 



x{t) = ll + Q J tAtU-Q J rAr, 



(4.15) 



where Q = '^^'^^ '^^'^^ _ Therefore, the solution depends on the time scale. Let us 
2 J- 1 J- 2 

consider T = M and T = |o, l|. With T = M, expression (I4l5l) gives 

2 + Q\ ^ Q ^2 Au\ 2 + Q 



x{t)= \^-^jt-^t', x^{t) = x^{t)=x'{t) = ^^-Qt. (4.16) 
Substituting (14.161) into ^i, T2 and gives: 

6-g ^ 18 -g ^ g' + i2 

' 12 ' ' 12 ' ' 12 ■ 
One can proceed by solving the equation — ISg^ +60g — 72 = 0, to find the extremal 

x{t) = t - with g = 2 \/9 + v^ + "^-^j^ + Vuy + 6. 
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Let us consider now the time scale T = <( 0, 1 From (14.151 ) we obtain 



,0, ift = 



Substituting (14.171) into Ti, T2 and Tz, we obtain 

^ _ 4-Q 20--g _ + 16 

' 16 ' ' 16 ' ' 16 

andtheequation(5'^ — 18(5^ + 48(5 — 96 = 0. Solving this equation, we find the extremal 

'0, ift = 

1, ift = l. 

Finally, we apply the results of Section [33] to an isoperimetric variational problem. 
Example 4.4. Let us consider the problem of extremizing 





1 

/ tx^{t)Vt 




subject to the boundary conditions x{0) = and x(l) = 1, and the constraint 

1 

/C(t) = j tx^{t)Vt = 1. 


Applying Theorem 13. 9[ we get the nabla differential equation 

^f(t) - (a + ^) i = c. (4.18) 
Solving this equation, we obtain 



x{t) = ll-Q J tVtU + Q J tVt, 



(4.19) 
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where Q = — ( j—r^ + A | . Therefore, the solution of equation (14.181) depends on 

the time scale. As before, let us consider T = R and T = |o, - , 1 

For T = M, we obtain from (I4l9l) that x{t) = ^ + ^t^. Substituting this 

expression for x into the integrals and gives J^i = — — — and = — — ' 
Using the given isoperimetric constraint, we obtain Q = 6, \ = 8, and x{t) = 3t^ — 2t. 
Let us consider now the time scale T = | ^' ^ r • From (14.191) we have 



if t = 0, 

, ift = i, 
4)8' 2' 

1, ift = l. 



fc=i 



Simple calculations show that 



k=0 

2 



2 r)2 



2 16 



\2) A \2) 2 ^ ' 16 
and tCif) = ^ ^ — = 1. Therefore, Q = A, \ = Q, and we have the extremal 



[l, ift = l. 
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